We study non-relativistic limits of the N = 6 Chern-Simons-Matter theory that arises as a low-energy limit of the M2-brane gauge theory with background flux. The model admits several different non-relativistic limits and we find that the maximal supersymmetry we construct has 14 components of supercharges, which is a novel example of non-relativistic superconformal algebra in (1 + 2) dimension. We also investigate the other limits that realize less supersymmetries.
Introduction
The ubiquity of the Chern-Simons-Matter system has been much appreciated in recent studies of theoretical physics. On one corner of the theoretical physics, i.e. in string theory, the M2-brane mini-revolution [1] [2] [3] [4] has created a novel class of gauge-gravity correspondences based on the Chern-Simons-Matter theory, and we believe that it will eventually bring us deeper understanding of the M-theory itself. On the other corner of the theoretical physics, i.e. in condensed matter physics, the Chern-Simons-Matter theory has been long known to give an indispensable tool to analyze the effective theory that appears in the quantum Hall effects.
The natural question that connects these two distinguishing branches of theoretical physics would be: Can we understand the quantum Hall effect from M2-brane gauge theory?
1 The question is much like whether we can understand the QCD from the string theory. Although it is true that the quantum Hall effect in the effective Chern-SimonsMatter system is not supersymmetric (like real QCD) and the rank of the gauge group is just Abelian, we expect that qualitative features of such a theory can be extracted from the non-relativistic limit of these M2-brane gauge theories.
For example, one can use the "Seiberg duality" of N = 2 Chern-Simons-Matter theory [6, 7] to translate a level k U(1) Chern-Simons theory with one fundamental matter multiplet to a level k U(k) Chern-Simons theory with one fundamental matter multiplet coupled with a singlet supermultiplet. It may be possible to study the large k behavior from the string theory because the latter dual theory is strongly coupled from the gauge theory viewpoint.
However, the real hurdle in this scenario lies in the non-relativistic limit, which is the main scope of this paper. Even the supersymmetry (SUSY) can be completely broken in the limiting procedure, depending on the specific non-relativistic limit that we choose.
It is furthermore not a priori obvious how many supersymmetries can be realized in a given non-relativistic conformal limit. We note that the complete classification of the non-relativistic superconformal algebra is still unavailable. Unlike the relativistic super- Our starting point is the relativistic action for the ABJM model given by
where the bosonic potential is given by
The ABJM action is invariant under the N = 6 SUSY transformation [28, 29] δX
where ǫ i (for i = 1, · · · , 6) are six independent Majorana fermions. We take the explicit form of gamma matrices Γ i AB as
These chiral SO(6) gamma matrices are the intertwiner between the SU(4) antisymmetric representation (with the reality condition) and the SO(6) (real) vector representation.
Note that
The model is also invariant under the conformal transformation, so that the theory has 12 additional superconformal charges [30] .
The mass deformation of the ABJM model was studied in [25] [26] [27] . We focus on the maximally supersymmetric mass deformation, 6) which breaks the SU(4) R-symmetry down to the SU(2) × SU(2) × U(1). We set A = (a, a ′ ), where a and a ′ are two SU(2) indices, and we have introduced the following notation
Though the mass term breaks the SU(4) R-symmetry down to the SU(2) × SU(2) × U(1), the N = 6 SUSY remains once we add the SUSY transformation
The mass deformation obviously breaks the conformal invariance, so the 12 superconformal generators are lost accordingly. From the M-theory viewpoint, the mass deformation corresponds to turning on a background 4-form flux in the bulk. After taking the mass deformation, the theory has multiple vacua including the broken (Higgs) phase, but we focus on the unbroken phase in the following non-relativistic limit analysis.
Non-relativistic limit
There are several possible ways to take a non-relativistic limit of the relativistic action.
We first investigate the non-relativistic limit which preserves the maximal SUSY. It turns out that the non-relativistic limit preserves 14 supercharges (including 2 superconformal charges).
Action
We begin with the bosonic part. The relativistic scalar field X A can be decomposed into two non-relativistic scalar fields φ A andφ * A [15, 21] as
where φ A describes a particle degree of freedom andφ A describes an anti-particle degree of freedom. To obtain the maximal SUSY transformation, we discardφ A and only keep φ A . 3 After the substitution of our ansatz (3.1), the kinetic part of the original relativistic action is replaced by the Schrödinger action:
Similarly, the relativistic fermion field Ψ A can be decomposed into non-relativistic two-component spinor fields ψ αA andψ A α in the following form:
Again, in order to obtain the maximal SUSY theory, we discard the anti-particle degrees of freedomψ A . Actually, only the half of the spinor components are dynamical in the non-relativistic limit. To see this, we note that the Dirac equation
is decomposed into the two equations: 
In the same way, the Dirac equation for Ψ a ′ is given by
and in the non-relativistic limit, it becomes
We can replace the second component of the non-relativistic spinor ψ 2a ′ by
ψ 1a ′ , and the first equation yields the Pauli equation:
In the following, we drop the subscript 1 (for ψ a ′ ) and 2 (for ψ a ) with the above substitution implicitly assumed.
We now present the non-relativistic ABJM action obtained by substituting the above non-relativistic ansatz. We only keep the quartic potential terms and neglect the sextic terms that are irrelevant deformations in the non-relativistic superconformal limit [15] [21].
Due to the topological nature, there is no change in the Chern-Simons term:
The kinetic terms for bosons and fermions are given by
We can also rewrite the Pauli terms as
The non-relativistic fields φ a , φ a ′ , ψ a and ψ a ′ all transform as (N,N ) under U(N) ×U(N).
Let us move on to the potential part. As we have mentioned, we discard the irrelevant sextic potential and we only keep the marginal quartic terms. 4 The bosonic potential comes from the supersymmetric completion of the mass term in (2.6), leading to
4 Note the classical scaling dimension of the non-relativistic fields
Here, we have dropped the higher dimensional terms including the derivatives of fermions.
The final non-relativistic ABJM action is given by the sum of (3.10), (3.11), (3.12) and (3.13).
Bosonic symmetry
Let us investigate the symmetry of the non-relativistic ABJM model. First of all, the model is invariant under the bosonic Schrödinger symmetry (+ some internal symmetries):
with the conserved charge (Hamiltonian)
(3.15)
with the conserved charge (momentum)
• infinitesimal rotation:
with the conserved charge (U(1) angular momentum)
• total number density (actually a part of the gauge symmetry) 20) with the conserved charge (total mass operator)
• infinitesimal Galilean boost: 22) with the conserved charge 24) with the conserved charge
• infinitesimal special conformal transformation: 26) with the conserved charge
These generators satisfy the Schrödinger algebra
To derive these, as in [15] , it is useful to note that A i andÂ i are solved by A + =Â + = 0,
log |x − y|.
In addition, the model possesses some internal global symmetries: • 29) with the conserved charges
We have used Q F to improve the U(1) angular momentum. The diagonal part α = β is a part of the gauge symmetry.
• SU(2) × SU(2) R-symmetry
The first SU (2) is generated by
The corresponding generator is
Similarly,
The above global internal symmetries commute with all the bosonic generators of the Schrödinger algebra.
Supersymmetry
The non-relativistic limit of the mass deformed ABJM model has the non-relativistic supersymmetry induced from the supersymmetry of the original relativistic theory. Let us first begin with the kinematical SUSY. The first order supersymmetry is obtained by the direct non-relativistic limit of the relativistic supersymmetry. They are generated by the following charges 35) and similarly by ǫ * Q * by just complex conjugation. There are total five independent complex supercharges, 7 and we relabel them so that
where We can compute the anti-commutation relations as
7 Note that ǫ 1 − iǫ 2 does not appear in the first supercharges, which results in the emergence of the second dynamical SUSY.
R mn are particular combinations of the SU(2) × SU(2) R-charges introduced in (3.34):
Since the particular combination of the SUSY parameter ǫ 1 + iǫ 3 does not generate the first order kinematical SUSY transformation, one can construct the second dynamical SUSY transformation [21, 23] . The second SUSY is generated by the supercharge
The supercharge Q 2 is invariant under SU(2)×SU(2) R-symmetry. The anti-commutation relations for Q 2 can be computed as
As expected from the first anti-cummutation relation in (3.41), we can rewrite the Hamiltonian (3.15) by using the Gauss law constraints
in a manifestly semi-positeve definite form:
The commutator of K and Q 2 defines the superconformal charge
so that
Then the anti-commutation relations containing S are
where R is an R-symmetry generator defined as
In fact, R generates the U(1) R-symmetry
and commutes with all bosonic generators
Finally the remaining non-trivial commutation relations are
Summary of the superconformal algebra
We summarize the superconformal algebra with 14 fermionic generators obtained in this section. The bosonic part is nothing but the Schrödinger algebra:
The fermionic part is
Less SUSY limit
In this section, we study other non-relativistic limits of the mass deformed ABJM model, which lead to less supersymmetric theories. The result is summarized in Table 1 . We only consider the non-relativistic limit which preserves SU(2) × SU(2) global symmetry while it is possible to obtain less and less SUSY limit by breaking SU(2) × SU(2) global symmetry. (2) and non-trivial supersymmetries. P and A denote particle and anti-particle, respectively.
8 SUSY limit
Let us take the ansatz for the non-relativistic limit of scalars as
and fermions as
The Dirac equation for Ψ a gives slightly different results from those in section 3:
The action is given by S CS + S kin + S bos + S fer , where S CS is the same as in (3.10) while the kinetic term is given by
Now, φ a and ψ a ′ transform as (N,N) under U(N) × U(N) whereasφ a ′ andψ a transform as (N, N) .
The leading bosonic potential that will survive in the conformal limit is
Let us study the bosonic symmetry of the theory. The theory possesses the full Schrödinger symmetry and SU(2) × SU(2) R-symmetry acting on indices a and a ′ . In addition, the theory is invariant under U(1) B and U(1) F generated by
do not appear in the action, the SU(2) × SU(2) symmetry is enhanced to U(2) × U(2) with additional U(1) R charge generated by Q R 1 (φ a ,φ a ′ ,ψ a , ψ a ′ ) = (1, 0, 1, 0) and
We now consider the SUSY transformation. The supersymmetries generated by Γ 1 and Γ 2 do not act on the fields non-trivially any longer because the particles cannot transform into anti-particles in the non-relativistic limit. The only non-trivial SUSY transformations are generated by Γ 3−6 .
The corresponding SUSY generators are
We can compute the anti-commutation relations as
Since there are two relations: M = Q R1 − Q R2 and Q B + Q F = Q R1 + Q R2 , the total symmetry is
is a part of the gauge symmetry.
R mn are particular combinations of the SU(2) × SU(2) R-charges:
We cannot construct a dynamical SUSY charge Q 2 and hence there is no superconformal generator S. This gives us an example of non-relativistic superconformal field theories with no superconformal charges.
4 SUSY limit
We take the ansatz for the non-relativistic limit of scalars as 10) and fermions as
The Dirac equation for Ψ a ′ gives slightly different results from those in section 3:
Now, φ a and ψ a transform as (N,N) under U(N) × U(N) whereasφ a ′ andψ a ′ transform as (N, N). This is equivalent to the non-relativistic limit studied in [22] .
14)
The fermionic potential comes from the non-relativistic limit of (2.3):
do not appear in the action, the SU(2) × SU(2) symmetry is enhanced to U(2) × U(2) with additional U(1) R charge generated by
While the bosonic sector has a larger symmetry than the limit discussed in section 3, the number of supersymmetry is reduced. This is due to the fact that the supersymmetries generated by Γ 3−6 do not act on the fields non-trivially any longer because the particle cannot transform into anti-particle in the non-relativistic limit. The only non-trivial SUSY transformations are generated by Γ 1 and Γ 2 . The kinematical SUSY charges are 16) and there is no dynamical SUSY. As a consequence, there is no superconformal symmetry.
The anti-commutation relations are
9 There is one relation between U (1) charges: Q R1 − Q R2 = Q B − Q F , so the total symmetry is
In other words, the U (1) symmetries are generated by all the independent rotations of (φ a ,φ a ′ , ψ a ,ψ a ′ ). A particular combination of U (1) × U (1) is a part of the gauge symmetry.
where M P is the mass operator for particles, andM A is the mass operator for anti-particles.
0 SUSY limit
We can construct a non-supersymmetric theory by taking the non-relativistic ansatz
and
It is clear that since the bosons are all particles and fermions are all anti-particles, there is no non-trivial supersymmetry acting on the non-relativistic theory.
Without writing down the action explicitly, we just point out that the bosonic symmetry is given by the Schrödinger algebra with global
symmetries. Due to the lack of the supersymmetry, however, it is quite probable that the model breaks the conformal invariance at the quantum level.
Discussion and Summary
In this paper, we have studied various non-relativistic limits of the N = 6 superconformal field theories and constructed different non-relativistic conformal field theories. While the kinematical SUSY is easy to obtain, the emergence of the dynamical SUSY is non-trivial.
We need a specific combination of the relativistic supersymmetry whose leading order supersymmetry transformation vanishes in the non-relativistic limit.
One may try to obtain more supersymmetries by starting with Bagger-Lambert N = 8
supersymmetric Chern-Simons theory [2, 3] . Again it is not so difficult to construct the limit where only the kinematical SUSY remains while it is still an open question whether
we could obtain more dynamical supersymmetries there.
Given a new non-relativistic superconformal algebra, one could define a (non-relativistic) superconformal index [22] , and compute it from the explicit theory we have constructed in this paper. The superconformal algebras we have obtained in this paper have a non-trivial involutive anti-automorphism, so it is straight-forward to define a new class of indices.
Finally, the supergravity dual of the non-relativistic limit of the ABJM theory is of most importance for a future study. The existence of several different non-relativistic limits, as we have discussed in this paper, suggests that corresponding different nonrelativistic limits should also exist in the dual supergravity solution. It would be very interesting to pursue this direction further. Some related supergravity backgrounds with Schrödinger (super)symmetry have been studied in [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] .
and anti-particles into the relativistic action, we have non-trivial interactions that might induce inconsistency.
Having Non-Abelian ordering of the operators and index structure suppressed, which are irrelevant for this study, we have the following interactions in the relativistic theory As discussed in [23] , we can impose either the strong condition, which means the conservation of the particle number, or the weak condition, which means the consistency at the level of classical equation of motion. The former is strong because there could be no quantum creation of particles, but the latter truncation is still consistent as a classical theory because it does not provide any source for discarded fields.
We see that the PPPP truncation (section 3) is consistent under the strong condition while PAAP (section 4.1), PAPA (section 4.2) and PPAA (section 4.3) truncations are only consistent under the weak condition. We could imagine the truncation which does not satisfy any condition such as PPPA truncation. While there is no problem in finding classical Schrödinger invariant field theories from such a construction, the supersymmetry is typically broken.
